The one-loop renormalization-group equations (RGEs) running behavior of quark and lepton mass matrices with general structures are studied simultaneously. Suppose the non-linear terms of RGEs are dominated by the Yukawa couplings of top quark and τ lepton, the unitary matrices that diagonalize the mass matrices of up-type quark and charged lepton in Hermitian basis are found as invariant with energy scale. Based on this result, we can decouple the RGEs and obtain the RGE corrected mass matrices of fermion. As examples, we consider the renormalization-group evolution of fermion matrices with four or five texture zeros and of lepton mass matrices which realize the tribimaximal mixing.
Introduction
Flavor is one of the most important open questions in particle physics. In the standard model (SM), the Higgs mechanism that generate masses for gauge bosons and charged fermions can not predict the values of fermion masses and mixing angles. To seek the dynamics of mass generation, one should appeal to new physics beyond the SM which is expected to appear at high scale. Phenomenologically, a less ambitious goal is to devise some predictable textures of fermion mass matrices from experimental data. Then the mass textures might provide some hints of the flavor symmetry or new mass generation.
When the proposed mass textures are confronted with the experimental data at low energies, it is worthwhile to explore how the relevant parameters change via RGEs. There are two equivalent ways to consider the RGE running effects. The first one is extracting the masses and mixing angles from mass matrices with some special structures at a high scale, and then running these physical quantities down to the low scale via the relevant RGEs; another way is evolving the mass matrices directly, and then calculating the masses and mixing angles from the modified mass matrices at the low scale. Here we adopt the second approach since it has the advantage of showing how the original mass matrices are modified by RGE running effects. But one has to diagonalize a more complicated mass matrices to obtain the physical quantities if the hypothetical structures are not stable against RGE running. If a specific mass texture that is compatible with all experimental data at low energy scale are unchanged after RGE running effect are taken in account, it might be a candidate of the true pattern of fermion mass matrices at hight scale. Refs. [1, 2, 3, 4, 5] have considered how the textures of fermion mass matrices are spoiled by the RGE running effect in a approximative way. In this work, we find a more exact method and consider the renormalization-group evolution of quark and lepton mass matrices with general structures simultaneously, since their RGEs are entangled with each other. The result might be helpful in understanding flavor physics beyond the standard electroweak model. The rest of this paper is organized as follows, In section 2, we universally derive the RGE-corrected mass matrices of fermion, where both Dirac and Majorana neutrinos are considered. Section 3 and 4 is devoted to some particular examples. Finally, we summarize our main results in section 5.
2 Renormalization-group evolution of the fermion mass matrices
The case of Dirac neutrinos
After spontaneous breaking of electroweak symmetry, the fermion mass terms in SM and MSSM are given by
where Y f with f = u, d, ν, l are Yukawa matrices, tan β is the ratio of Higgs vacuum expectation values and v = 246 GeV. The differential form of the one-loop renormalization-group equations of Dirac fermion mass matrices are given by [6, 7] 16π
With the help of the definition T u ≡ O † uȮu and Eq. (6), Eq. (10) leads us to
where
To get instructive analytical results, we constrain the ratio of Higgs vacuum expectation values to be small enough tan β 10 [10] , so that the contributions of y u and y c in coefficients can be safely neglected since y u y c y t . The diagonal part of Eq. (11) gives the RGEs of the eigenvalues
The off-diagonal parts of Eq. (11) can be extracted as
here i = j and
u , since the mass spectra of quark are non-degenerate. After substituting O u = P u U u into T u , we obtain
Then the explicit forms of After integrating Eq. (13) from t 0 ≡ ln(Λ/Λ EW ) with a high energy scale Λ where the mass matrices of fermion may have some simple structures, down to t = 0 (i.e., the electroweak scale Λ EW ), we can obtain the eigenvalues of up-type quark matrix at Λ EW , which are denoted as D u (t)
The magnitudes of γ u and ξ t for different energy scale Λ are shown in figure 1 , where the running quark and charged-lepton masses and other SM parameters renormalized to the energy scale µ = M Z have been input [8, 9] .
Transforming D u (t) into H u (t), we finally obtain
here we have used the previous result that O u is independent of scale. Obviously, H u (t) is still a Hermitian matrix. The RGE-corrected mass matrix M u (t) can be extracted from Eq.
Actually, the general solution is M u (t) V with an arbitrary unitary matrix V which can be absorbed by rotating the right-handed quark fields. Then we only consider the case of Eq.
. If we choose a special basis in which M u (t 0 ) is Hermitian at the energy scale t 0 , i.e.
Then we proceed to consider the running behavior of
where we have used Eq. (6) andȮ u = 0. After integrating Eq. (23), we can get the evolved
where ξ t is given by Eq. (19) and
The magnitudes of γ d for different energy scale Λ are shown in figure 1 . The RGE-corrected matrices H d (t) and M d (t) are given by
After a brief check, we can see that
is not Hermitian any more.
In the lepton sector, the calculation is similar. Here we list the main result,
• The unitary matrix O l is independent of energy scale,Ȯ l = 0.
• The evolved H l (t) and H ν (t) are given by
with
Here the contributions of y e and y µ are neglected because of y e y µ y τ . The magnitudes of γ ν , γ l and ξ τ for different energy scale Λ are shown in figure 1.
• The evolved mass matrices M l (t) and M ν (t) are given by The elements of mass matrices
Eqs. (21), (27), (31) and (32) show that, the overall factors γ f (for f = u, d,l, ν) only affect the magnitudes of the fermion masses, while I f and O u,l can modify the structures of fermion mass matrices. Furthermore, only O u,l , or more specifically the third column of O u,l , may effect the texture zeros of fermion mass matrices, since I f is a diagonal matrix. If we choose the basis of M u and M l being diagonal (i.e. O u = O l = 1) at initial scale t 0 , M u and M l remain diagonal at any scale, and the possible texture zeros of M d and M ν are essentially stable against RGE running effect. In general case, when M u,l (t 0 ) (i.e. O u,l ) have some simple structures, the possible texture zeros of some fermion mass matrices could be invariant with scale in a reliable approximation.
The case of Majorana neutrinos
The fermion mass terms in SM and MSSM are given by
The one-loop renormalization-group equations for fermion mass matrices are given by [7] 16π
where α f = G f + R f with f = u, d, ν, l. The quantities R f are given as follows
In the framework of the SM, we have
and in the framework of the MSSM we have
The + 3g
The
In the last equation, we have ignored the ξ
term. As in the case of Dirac neutrinos, I f and O u,l can modify the structure of fermion mass matrices, and only the third column of O u,l may effect the texture zeros of fermion mass matrices.
Quark mass matrices with texture zeros
As we know, the fermion mass matrices which come from the Higgs mechanism are arbitrary in the SM, therefore the number of free parameters is larger than the physical ones. For example, in the quark sector, there are 36 free parameters in up-and down-type quark mass matrices and only ten physical parameters corresponding to six quark masses, three mixing angles and one CP phase. To get a predictable ansatz of fermion mass matrices, one has to reduce the free parameters. Firstly, without loss of generality, the mass matrices M u and M d can be taken to be Hermitian in the SM or its extensions which have no flavor changing righthanded currents [11] , since we can rotate freely the right-handed field which are singlets in such models. Another way to limit the parameters is introducing a common weak-basis(WB) transformation to M u and M d , this transformation has no physical content and can lead M u has two texture zeros and M d has one texture zero [12, 13] . Any extra texture zero will achieve some phenomenological predictions of masses and mixing parameters. A typical example of this kind is the famous Fritzsch mass matrices [14] . In the lepton sector, Ref. [15] proposed a ansatz (hereafter FTY model) where neutrino mass are generated via type-I seesaw mechanism with the charged lepton and the Dirac neutrino mass matrices of Fritzsch form. The FTY model is still consistent with experiments [16] . In the quark sector, the original Fritzsch quark mass matrices with six texture zeros are excluded [17] . while a straightforward extension of the Fritzsch ansatz with four or five zeros are still allowed by current experimental data [5, 20, 21, 22, 23] . In this sector, we will consider the RGE running behavior of quark mass matrices with four or five texture zeros and lepton mass matrices in FTY model. 
Four texture zeros
In Hermitian basis, the quark mass matrices with four texture zeros are given by
and P = Diag 1, e −iρ u , e −i(ρ u +σ u ) . The transformation matrix of M u (t 0 ) can be approximated as two successive rotations in (2, 3) and (1, 2) spaces,
where c φ = cos φ, c θ = cos θ, s φ = sin φ,
) and θ B u /(A u −B u ). Because of the strong hierarchy of the up-type quark masses, the two angles φ and θ are considered as small quantities. Then the lead order contribution of RGE-corrected factors (21) and (27) are given by
. Interestingly, φ is irrelevant to the RGE running behavior. With the help of Eqs. (21) and (27), the RGE-corrected mass matrices are given by
where we have neglected the terms which are proportional to θC u,d . In this approximation, the four texture zeros of M u and M d are stable against the RGE effects. Eq. (49) and (50) are similar to the result of Ref. [5] where a different approximation is adopted. As described in the previous section, M u (t) remains Hermitian and M d (t) becomes non-Hermitian. One can transform M d (t) to be Hermitian by rotating the right-handed down-type quark fields,
phases themselves is relevant to the RGE-corrections and can change the mass matrix M d in a non-trivial way.
Five texture zeros
Ramond, Roberts and Ross (RRR) have found that there exist five phenomenologically allowed patterns of Hermitian quark mass matrices with five texture zeros [22] . The magnitudes of the elements of five RRR-type quark mass matrices are approximately given in Ref. [20] . Based on these result, we can obtain the approximate form O u and RGE corrected quark mass matrices.
• Pattern I
The transformation matrix of M u (t 0 ) is
with θ C u /B u . The RGE corrected quark mass matrices are given by
where P = Diag 1, e −iρ u , e −i(ρ u +σ u ) , θ B u /A u and φ (A u C u )/B u . The RGE corrected quark mass matrices are given by
• Pattern III
with θ F u /A u . The RGE corrected quark mass matrices are given by
• Pattern IV
). The RGE corrected quark mass matrices are given by
(62)
with P = Diag e −iσ u , e −iη u , e −i(η u +σ u ) , θ B u / A −B u , α F u /A u and φ θF u /B u . The RGE corrected quark mass matrices are given by
In some reliable approximations, M u and M d of pattern I, M d of pattern II. M u of pattern III, IV and V, are stable against the RGE effects.
FTY model
The charged lepton mass matrix M and Dirac mass matrix M νD in the FTY model have the following Fritzsch structures [15] 
For simplicity, the Majorana mass of the right-handed neutrino M R is taken to be proportional to the unit matrix in the basis in which M νD is diagonal. The effective light neutrino mass matrix is given by the seesaw relation
Similar to the case of four texture zeros, for m ν e m ν µ m ν τ and m e m µ m τ , the transformation matrices O f can be parameterized as
where f = and ν and 
The RGE-corrected lepton mass matrices are given by Obviously, the charged lepton obtain non-zero 22 element. If we neglect the terms which are proportional to θ l F ν , both of M ν (t) and M ν (t 0 ) are of the from
where × denotes non-zero elements.
Tribimaximal mixing
In this section we consider the RGE effects of the lepton mass matrix with a tribimaximal mixing pattern. Based on the nonAbelian discrete symmetry A 4 , Ref. [24] has present a structures of fermion mass matrices, while only O u,l , or more specifically the third column of O u,l , may effect the texture zeros of fermion mass matrices. When M u,l (t 0 ) (i.e. O u,l ) have some simple structures, the possible texture zeros of some fermion mass matrices could be invariant with scale in a reliable approximation. Such as the quark mass matrices with four texture zeros, parts of the RRR pattern with five texture zeros and the neutrino mass matrix in FTY model. Finally, we consider the RGE running effect of the tribimaximal mixing pattern, the result show that only θ 12 might obtain a significant deviation.
